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Abstract
We show that the modified Cardy-Verlinde formula without the Casimir effect
term is satisfied by asymptotically flat charged black holes in arbitrary dimensions.
Thermodynamic quantities of the charged black holes are shown to satisfy the energy-
temperature relation of a two-dimensional CFT, which supports the claim in our previ-
ous work (Phys. Rev. D61, 044013, hep-th/9910244) that thermodynamics of charged
black holes in higher dimensions can be effectively described by two-dimensional theo-
ries. We also check the Cardy formula for the two-dimensional black hole compactified
from a dilatonic charged black hole in higher dimensions.
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Recently, thermodynamics of the holographic duals of various black hole solutions
have been actively studied, after Verlinde proposed [1, 2] that the Cardy formula [3]
for the two-dimensional conformal field theory (CFT) can be generalized to arbitrary
spacetime dimensions D − 1 in the form
S =
2πR
D − 2
√
Ec(2E − Ec), (1)
the so-called Cardy-Verlinde formula [1, 2], where R is the radius of the system, E is the
total (thermal excitation) energy and Ec, called the Casimir energy, is the subextensive
part of E. (Cf. The quantum effects to the Cardy-Verlinde formula were studied
in Refs. [4, 5].) So far, mostly asymptotically AdS black hole solutions have been
considered [6, 7, 8, 9, 10]. In Ref. [10], it is shown that even the Schwarzschild and the
Kerr black hole solutions, which are asymptotically flat, satisfy the modification of the
Cardy-Verlinde formula,
S =
2πR
D − 2
√
2EcE, (2)
to the case of the ground state with zero conformal weight. In this note, we show that
this result holds also for various charged black hole solutions with asymptotically flat
spacetime.
First, we consider the single-charged dilatonic black hole solution with an arbitrary
dilaton coupling parameter a in arbitrary spacetime dimensions D. The action is
SD =
1
2κ2D
∫
dDx
√
−G
[
R− 4
D − 2(∂φ)
2 − 1
4
e2aφF 2
]
, (3)
where κD is the D-dimensional gravitational constant, φ is the dilaton field and F is
the field strength of the U(1) gauge potential A = AMdx
M (M = 0, 1, ..., D − 1). The
nonextreme black hole solution to the field equations of this action is given by
GMNdx
MdxN = −H−
4(D−3)
(D−2)∆fdt2 +H
4
(D−2)∆
[
f−1dr2 + r2dΩ2D−2
]
,
eφ = H
(D−2)a
2∆ , At =
2√
∆
m sinhα coshα
rD−3
H−1, (4)
where
H = 1 +
m sinh2 α
rD−3
, f = 1− m
rD−3
,
∆ =
(D − 2)a2
2
+
2(D − 3)
D − 2 . (5)
For special values of ∆, this solution can be realized in string theories, e.g., the ∆ = 4/n
case with a positive integer n can be obtained by compactifying intersecting n numbers
of branes with equal charges. The a = 0 case is the Reissner-Nordstro¨m black hole.
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The ADM mass M , the Bekenstein-Hawking entropy S, the Hawking temperature T ,
the electric charge Q, and the chemical potential Φ of the solution are
M =
VD−2
2κ2D
[
4(D − 3)
∆
m sinh2 α + (D − 2)m
]
,
S =
4πVD−2
2κ2D
m
D−2
D−3 cosh
4
∆ α, T =
D − 3
4π
m−
1
D−3 cosh−
4
∆ α,
Q =
VD−2
2κ2D
2(D − 3)√
∆
m sinhα coshα, Φ =
2√
∆
tanhα, (6)
where Vn = 2π
n+1
2 /Γ
(
n+1
2
)
denotes the volume of the unit Sn. These thermodynamic
quantities satisfy the first law of black hole thermodynamics:
dM = TdS + ΦdQ. (7)
According to the holographic principle, the thermodynamic quantities of a black
hole solution can be identified with the corresponding thermodynamic quantities of the
holographic dual theory [11]. In the case of a charged black hole solution, the total
energy Etot =M of the dual theory can be separated into two parts: the contribution of
the supersymmetric background (i.e., the zero temperature energy) and that of thermal
excitation. Following Refs. [6, 10], we define the zero temperature contribution, called
the proper internal energy, as
Eq =
VD−2
2κ2D
4(D − 3)
∆
m sinh2 α. (8)
So, the thermal excitation energy is
E = Etot − Eq =
VD−2
2κ2D
(D − 2)m. (9)
If we assume that the holographic dual theory is conformal, then the pressure p =
−
(
∂E
∂V
)
S,Q
is given by
p =
E
(D − 2)V =
VD−2
2κ2D
m
V
, (10)
where V is the volume of the system. So, the Casimir energy of the holographic dual
theory is given by
Ec = (D − 2)(Etot + pV − TS − ΦQ) =
VD−2
2κ2D
2(D − 2)m. (11)
Since Ec = 2E, the Cardy-Verlinde formula (1) would yield S = 0. So, we have to
consider the modified Cardy-Verlinde formula (2), valid for the case of the ground
state with zero conformal weight. It is straightforward to show that thermodynamic
2
quantities S, E and Ec, respectively given in Eqs. (6,9,11), satisfy Eq. (2), provided
we identify the length scale of the system as
R = m
1
D−3 cosh
4
∆ α. (12)
Just like the Schwarzschild black hole case [10], total thermal excitation energy (9) can
be put into the following suggestive form:
E =
c
6
π2R
(
2T
D − 3
)2
, (13)
with the effective central charge c given by
c
6
= 2EcR =
VD−2
2κ2D
4(D − 2)mD−2D−3 cosh 4∆ α = D − 2
π
S. (14)
This is the energy-temperature relation of a two-dimensional CFT with the character-
istic length R = m
1
D−3 cosh
4
∆ α and effective temperature T˜ = 2T/(D−3) with T given
in Eq. (6). Note, c ∝ S, which is in accordance with the holographic principle. We
can write Eq. (13) also in the form
ER =
c
24
, (15)
which is the ground state energy of a two-dimensional CFT. The fact that thermo-
dynamic quantities of a charged black hole solution (4) satisfy the relation (13) for a
two-dimensional CFT supports the claim in our previous work [12] that thermodynam-
ics of higher-dimensional charged black hole solutions can be effectively described by
two-dimensional theories.
It is straightforward to show that the modified Cardy-Verlinde formula (2) is sat-
isfied also by multi-charged black hole solutions in string theory. Thermodynamic
quantities of such solutions are generally given by
M =
VD−2
2κ2D
[
(D − 3)m
∑
i
sinh2 αi + (D − 2)m
]
,
S =
4πVD−2
2κ2D
m
D−2
D−3
∏
i
coshαi, T =
D − 3
4π
m−
1
D−3
∏
i
cosh−1 αi,
Qi =
VD−2
2κ2D
m sinhαi coshαi, Φi = tanhαi, (16)
where i = 1, ..., 4 for D = 4 and i = 1, 2 for D ≥ 5. These thermodynamic quantities
satisfy the first law of black hole thermodynamics:
dM = TdS + ΦidQi. (17)
We define the proper internal energy as
Eq =
VD−2
2κ2D
(D − 3)m
∑
i
sinh2 αi. (18)
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Then, the thermal excitation energy E = Etot − Eq is still given by Eq. (9). By using
the assumed relation pV = E/(D−2), which holds for the conformal holographic dual
theory, we obtain the following Casimir energy:
Ec = (D − 2)(Etot + pV − TS − ΦiQi) =
VD−2
2κ2D
2(D − 2)m. (19)
So, the modified Cardy-Verlinde formula (2) is satisfied by the above thermodynamic
quantities, provided we identify the length scale of the system as
R = m
1
D−3
∏
i
coshαi. (20)
It is straightforward to show that the thermal excitation energy E can also be put
into the suggestive form (13) with R and T respectively given in Eqs. (20,16) and the
effective central charge c given by
c
6
= 2EcR =
VD−2
2κ2D
2(D − 2)mD−2D−3
∏
i
coshαi =
D − 2
π
S. (21)
In our previous work [13], we showed that by compactifying the dual-frame ac-
tion for the Hodge-dual action of Eq. (3) on a (D − 2)-sphere with the radius µˆ =
(m sinh2 α)1/(D−3) we obtain the following two-dimensional effective action:
S2 =
1
2κ22
∫
d2x
√−geδφ
[
Rg + γ(∂φ)2 + Λ
]
, (22)
where
δ ≡ −D − 2
D − 3a, γ ≡
D − 1
D − 2δ
2 − 4
D − 2 , Λ =
D − 3
2µˆ2
[
2(D − 2)− 4(D − 3)
∆
]
. (23)
The Weyl rescaling g¯µν = Φ
γ
δ2 gµν (Φ ≡ eδφ) brings this action to the form:
S2 =
1
2κ22
∫
d2x
√−g¯
[
ΦRg¯ + Φ1−
γ
δ2Λ
]
. (24)
The general static solution to the equations of motion for this action in the Schwarzschild
gauge is
ds¯2 = −
[
δ2
2δ2 − γ
(
x
ℓ
)2− γ
δ2 − 2ℓκ22M¯
]
dτ 2 +
[
δ2
2δ2 − γ
(
x
ℓ
)2− γ
δ2 − 2ℓκ22M¯
]
−1
dx2,
Φ =
x
ℓ
, (25)
where ℓ ≡ 1/
√
Λ and M¯ is the ADM mass of the solution. Thermodynamic quantities
of the solutions are
M¯ =
δ2
2δ2 − γ
1
2ℓκ22
Φ
2− γ
δ2
H , T¯ =
1
4πℓ
Φ
1− γ
δ2
H , S¯ =
2π
κ22
ΦH , (26)
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where ΦH is the value of Φ at the event horizon, i.e., g¯ττ (ΦH) = 0. If we assume the
two dimensional system under consideration to be conformal, then p¯V¯ = M¯ , so the
Casimir energy is given by
M¯c = M¯ + p¯V¯ − T¯ S¯ =
γ
2δ2 − γ
1
2ℓκ22
Φ
2− γ
δ2
H . (27)
These thermodynamic quantities satisfy the following Cardy formula [3] for a two-
dimensional CFT:
S¯ = 2π
√
c
6
(
L0 −
c
24
)
, (28)
with L0 = 2ℓM¯ and c/6 = 4ℓM¯c, provided γ = δ
2. This is in agreement with the result
in our previous work [13] that the action (24) is conformal if γ = δ2.
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